We discuss the branching structure of the quantum-gravitational wave function that describes the evaporation of a black hole. A global wave function which initially describes a classical Schwarzschild geometry is continually decohered into distinct semiclassical branches by the emission of Hawking radiation. The laws of quantum mechanics dictate that the wave function evolves unitarily, but this unitary evolution is only manifest when considering the global description of the wave function; it is not implemented by time evolution on a single semiclassical branch. Conversely, geometric notions like the position or smoothness of a horizon only make sense on the level of individual branches. We consider the implications of this picture for probes of black holes by classical observers in definite geometries, like those involved in the AMPS construction. We argue that individual branches can describe semiclassical geometries free of firewalls, even as the global wave function evolves unitarily. We show that the pointer states of infalling detectors that are robust under Hamiltonian evolution are distinct from, and incompatible with, those of exterior detectors stationary with respect to the black hole horizon, in the sense that the pointer bases are related to each other via nontrivial transformations that mix the system, apparatus, and environment. This result describes a Hilbert-space version of black hole complementarity.
The black hole information puzzle
In 1975, Stephen Hawking showed that, in coordinates stationary with respect to a static black hole, quantum fields outside the black hole horizon are in a state of outgoing radiation that is very nearly thermal [1] . The backreaction of this thermal emission should lead even astrophysical black holes to evaporate over time, gradually transferring their mass into an ensemble of dilute radiation. However, upon extrapolating Hawking's result to the case of a completely evaporating black hole, one is confronted with an apparent departure from quantum mechanics: it appears that when a pure state of matter-and the quantum information that it encodes-collapses into a black hole that then evaporates, it has evolved into a thermal mixed state and lost its coherent information. Whether and how the quantum state can evolve unitarily from before a black hole is formed to after it evaporates is known as the black hole information puzzle [1] [2] [3] [4] .
Several renditions of the black hole information puzzle have emerged over the last few decades. In its modern form, the information puzzle is neatly summarized as a conflict be- 1. Unitarity -As viewed by an observer who remains far away from the black hole, the formation and evaporation of the hole is a unitary quantum-mechanical process.
2. Local Effective Field Theory -To the exterior of the black hole's stretched horizon [2, 6] , the physics of matter is well described by a local effective field theory on a black hole spacetime background.
3. S bh = S BH -As viewed by an observer who remains far away from the horizon, the black hole is a quantum-mechanical system that is represented by a finite-dimensional Hilbert space. Moreover, the von Neumann entropy of an old black hole, S bh , is (if not exactly, approximately) equal to its Bekenstein-Hawking entropy, S BH .
4.
No Drama -An observer who crosses the apparent horizon of the black hole (but remains far from its central singularity) encounters nothing that runs contrary to the predictions of semiclassical general relativity and effective field theory.
Taken together, these postulates seemingly imply a violation of monogamy of entanglement [7] . This is because, while the second and fourth postulates together imply maximal entanglement between a portion of the the black hole interior and the late Hawking radiation, the first and third together imply that the late Hawking radiation must purify the early radiation as it is emitted. These constraints on the entanglement shared among the black hole, the early Hawking radiation, and the late Hawking radiation cannot be mutually satisfied without violating strong subadditivity of entanglement entropy. It would seem that taking all four postulates to be true leads to a contradiction, which must be resolved by requiring at least one of them to be violated in practice.
Several different resolutions to this puzzle have been proposed, 1 from those that modify quantum mechanics [9, 10] to those that allow a breakdown of no drama [5] or of unitarity [11] , identify the early Hawking radiation with the black hole interior [12] , modify the interior geometry [13] [14] [15] , invoke quantum complexity theory [16] [17] [18] , allow for black hole remnants [19] , or take nonlocal approaches [20, 21] .
By formulating black hole formation and evaporation as a process in Hilbert space in the context of Everettian quantum mechanics, we will argue that the four postulates above are made mutually consistent once we appreciate that the situations they refer to are not directly comparable. In particular, a prerequisite for both local effective field theory and no drama is the presence of a semiclassical background geometry. We will argue, as have several authors before us [15, [22] [23] [24] , that in a fully quantum-gravitational treatment, an evaporating black hole is described not by a single semiclassical background but rather a superposition of many such geometries, each corresponding to different branches of the wave function.
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In short, while unitarity applies to the global wave function, the no-drama condition only applies on branches of the wave function. Therefore, the AMPS construction [5] does not lead to a paradox, as its components do not necessarily imply violation of monogamy of entanglement.
Similar points have previously been made schematically [15, [22] [23] [24] [28] [29] [30] , but in this work we will give a more precise articulation of this view. In doing so, we will also find that-under the reasonable assumption that each Hawking quantum has the opportunity to interact with the rest of the universe after it has been emitted-the production of a large number of decohered branches allows Hilbert-space subfactors associated with the emitted radiation to have a large von Neumann entropy in the global wave function, even while they remain unentangled in every branch. This sort of entropic structure allows firewall-free individual branches while preserving the Page curve as a statement about the global wave function. Such a picture is heuristic at 1 This list is not meant to be exhaustive-for one listing see the comprehensive bibliography in Ref. [8] . 2 This conclusion could be viewed as a (mild and well-understood) violation of the second postulate abovethere is not one local effective field theory for a single background but rather a different effective field theory on each semiclassical background. Because properties (such as the location) of the horizon can differ from branch to branch, our argument is reminiscent of state-dependent resolutions to the firewall paradox, e.g., Refs. [25] [26] [27] . We emphasize that this state dependence arises naturally from the decoherence of the wave function and is not a violation of quantum mechanics but rather a consequence of the fact that geometric properties differ from branch to branch. best, however, since the factorization of Hilbert space into early radiation, late radiation, and black hole degrees of freedom is highly branch dependent.
According to the principle of black hole complementarity [2] , we should not expect to be able to use local quantum field theory to simultaneously describe physics on both sides of a spacelike slice crossing an event horizon; what appear as local degrees of freedom inside a black hole will be distributed across the stretched horizon from the point of view of an external observer. Following our Hilbert-space perspective, we argue that this principle can be implemented in terms of how Hilbert space is factorized into subsystems and what basis of pointer states is associated with the resulting decomposition. The states that are robust with respect to environmental monitoring from the point of view of an infalling observer will appear fragile to an outside observer. We exhibit an example decomposition of the relevant Hilbert spaces for each observer to show how this can work in practice.
Many puzzles about black hole evolution and evaporation certainly remain, such as whether the no-drama condition can be preserved at the level of the global wave function [31] , how to reconstruct the black hole interior [9] , and whether entanglement and wormholes are inextricably related [12] . Moreover, determining whether firewalls or smooth horizons with no drama are typical requires an analysis of the detailed branching structure of the global wave function for an evaporating black hole.
The rest of this paper is structured as follows. We begin in Sec. 2 by carefully formulating the process of black hole formation and evaporation so that we may properly discuss unitarity in a fully quantum-gravitational sense. Within this framework, we then investigate what it means to operationally probe entanglement between the black hole and exterior degrees of freedom in Sec. 3. We end with some brief concluding remarks in Sec. 4.
What is unitary and what is not

Setup
To examine unitarity for black hole formation and evaporation, let us set up the problem as a scattering experiment, employing the S-matrix ansatz [32] for asymptotically flat spacetime.
Suppose that the initial state is a pure state of dilute matter that will collapse to form a black hole, specified on the past boundary of an asymptotically flat spacetime,
We define the initial state on the asymptotic past boundary so that it can be thought of as effectively some free-field-theoretic state without gravitational interactions. 3 If quantum gravity is unitary, then this state unitarily evolves to another pure state; according to the S-matrix ansatz, the final pure state is given as a superposition of states each defined on the future boundary of an asymptotically flat spacetime,
Although the asymptotically flat spacetimes, each corresponding to a branch j, are not identical, by definition each of them has the same boundary geometry (with I + topology
With an appropriate choice of coordinates, therefore, we can think of |Ψ f as a state that describes a superposition of definite field configurations on i + ∪ I + . In general this time evolution is not described by a single Penrose diagram, since, in the bulk, the quantumgravitational evolution of the wave function does not correspond to a single classical geometry. Consider factorizing the state |Ψ f as follows. Given a particular value of retarded time u on I + , with u = +∞ corresponding to i + , let us split the Hilbert space into the part with support to the past of u and the part with support to the future of u,
The reduced state of the "early" Hawking radiation is then given by tracing over H >u ,
3 We will not consider the subtleties in the S-matrix formulation relating to infrared divergences; see Refs. [32, 33] and references therein. 4 The most general S-matrix setup would describe a wave function defined on some number of copies of i − ∪I − (only one for our choice of initial state |Ψ i ) that evolves to one defined on some number of copies of i + ∪ I + , with no definitive spacetime structure in the interior.
5 See also Fig. 5 of Ref. [24] , which had previously advanced a similar view. On the asymptotic future boundary, we divide the global Hilbert space into two factors, H <u and H >u , the degrees of freedom of which lie to the past and future of the retarded time u, respectively. The direction of increasing u is indicated by the dotted arrow. The asymptotic future i + ∪ I + is identified across every classical branch of |Ψ so that H <u and H >u are globally defined. and the "Page curve" [34] 6 is the plot of the von Neumann entropy of ρ <u as a function of u, which decreases to zero as u grows to cover all of i
That S(ρ <u ) vanishes when u = +∞ is simply a consequence of unitary evolution, since the final state |Ψ f is correspondingly pure. 7 In other words, in the global wave function, the "late"
Hawking radiation purifies the "early" radiation. 6 See Ref. [35] for further discussion of the Page curve. 7 Maudlin [36] has recently emphasized that global unitary evolution is in principle consistent with information loss outside the black hole, since one can define disconnected Cauchy surfaces with respect to which the black hole interior persists as an effective "baby universe." We do not consider this possibility here, as it would violate Postulate 3, S bh = S BH . See also Ref. [4] . 8 We could have considered a spacetime with a timelike boundary, e.g., an asymptotically anti-de Sitter spacetime, but in that case defining the S-matrix proves difficult, for reasons discussed in for example Ref. [37] .
We define the Page curve in terms of portions of the asymptotic future boundary because this definition does not rely on any particular choice of basis (for example, wave packets) for the Hawking radiation. We also remain agnostic about the exact shape of the Page curve resulting from this division of the final state into early and late radiation. Nevertheless, it is certainly true that S(ρ <u ) vanishes when ρ <u has support either nowhere or everywhere on the asymptotic future boundary.
Unitary evolution, branches, and decoherence
The modern black hole information problem arises when trying to interpret the entanglement structure at earlier times. Previously, we have only discussed the initial-state and late-time structure of the global wave function. However, because in this paper we are assuming that the (as yet unknown) theory of quantum gravity is a bona fide quantum-mechanical theory, we can also write down the wave function at intermediate times. Hence, the evolution of the state is, as usual, governed by the Schrödinger equation:
We emphasize that this equation genuinely implements time evolution; however, because λ need not have any relation to any coordinate or proper time in a geometric description, 10 we have chosen to use λ rather than t. Implementing our chosen boundary conditions, we must have |Ψ(0) = |Ψ i and |Ψ(1) = |Ψ f . Because its evolution is governed by the Schrödinger equation, |Ψ manifestly evolves unitarily. A challenge in interpreting the state |Ψ(λ) at intermediate values of λ lies in the fact that it does not describe a single black hole geometry. That is, a single geometry at one time (for example, λ = 0) must evolve to a state that describes an ensemble of many possible geometries at a later time. An observer or detector present in the initial state would see different measurement
outcomes depending on what geometry they were in at a later time.
For instance, while the expectation value of the black hole position and momentum remains fixed and constant in the global wave function, an observer who is monitoring the black hole would measure a drift in its position and momentum as it receives kicks from Hawking quanta that are emitted and interact with the surrounding environment, leading to decoherence. In 9 In canonical quantum gravity, we could also take the point of view that the wave function should obey the Wheeler-DeWitt equation [38] . In this case,Ĥ is the Hamiltonian constraint,Ĥ|Ψ = 0, and we need some additional information to implement time evolution as an emergent phenomenon. This approach is also proposed in Refs. [15, 24] . 10 In a holographic description, we could think of λ as the time coordinate of the boundary theory.
Everettian language, the notion of a classical black hole geometry exists only on decohered branches of the global wave function. Therefore, in order to have an idea of a definite geometry throughout black hole formation and evaporation, it is necessary to specify what the decohered branches of the wave function are and what determines this branching structure.
This leads us to conjecture that the emergence of an ensemble of classical geometries from the unitary evolution of |Ψ(λ) can be understood as a decoherence process, which determines a pointer basis for |Ψ(λ) of which the elements describe decohered geometries and configurations of matter. The lesson of the decoherence program [39] [40] [41] [42] [43] is that branching of the wave function is set by the interaction dynamics between a particular subsystem and the environment monitoring this subsystem. In order to determine the branching structure, we need to decompose the Hilbert space into "system" and "environment" degrees of freedom. For our purposes, we suppose that there exists a set of degrees of freedom in the total Hilbert space that can serve as an environment that, minimally, yields a definite geometry when traced over. For example, one could conjecture this environment to comprise some inherently quantum-gravitational degrees of freedom. 11 Alternatively, recent studies suggest that the modes of soft gravitons and other soft massless gauge bosons may constitute such an environment [47] [48] [49] [50] [51] [52] . Regardless, we conjecture that the global Hilbert space may be written as
so that the global state takes the form of a sum over branches,
where each branch |Ψ b decomposes as
Then |ψ b eff ∈ H eff is the part of the state that we may think of as describing a semiclassical geometry and the states of quantum fields in the theory on top of this geometry, while |ε b env is a state of the environmental degrees of freedom that are responsible for decohering the state to a semiclassical geometry. How the global wave function branches depends on how the |ε b env are determined. Depending on the superselection rules of quantum gravity, we might only need to consider, e.g., branches b that correspond to asymptotically flat geometries, geometries with identical 11 For some discussion of this kind of UV/IR factorization, see Refs. [44] [45] [46] .
topologies to the initial state, etc. We can either implement these rules by working in a smaller
Hilbert space than the full Hilbert space of quantum gravity or by imposing that α b (λ) = 0 for all branches b corresponding to geometries that do not obey these superselection rules.
12 Trivially, the Hilbert space H eff admits a direct sum structure [54, 55] ,
However, we expect that it should be possible to group together sets of states that have the same background geometry to form subspaces,
where any given B contains the labels of a set of branches that all correspond to the same background geometry (to within some precision that specifies a coarse graining). As such, we envision each H B eff as being the Hilbert space of fields coupled to the background geometry of the branches in B. Each H B eff can of course be further decomposed, for example, as a tensor product over the Hilbert spaces of the different species of fields contained in the effective theory. Because field theories are defined on fixed spacetime backgrounds, a tensor product in each individual H B eff does not necessarily extend to a tensor product on the entire semiclassical Hilbert space H eff . Generally we can therefore write
where the H (B) i represent factors defined on the Hilbert space of the specific background geometry B. In particular, notions such as "modes of outgoing Hawking radiation near the horizon" are only well defined on specific branches, not on the global wave function. During the process of decoherence itself, the action of the Hamiltonian entangles system and environment states, and the entropy of the system density operator ρ eff = Tr env |Ψ Ψ| increases.
After decoherence, ρ eff will be diagonal with respect to a basis of "pointer states" for H eff , each pointer state defining a different branch of the wave function. For us, the pointer states are the {|ψ b }, representing quantum fields on a definite semiclassical background. Once this occurs, branches interact minimally with each other (they decohere), so that the time evolution of a superposition of branches is approximately the same as evolving each branch individually.
In particular, the branches retain their product-state structure (9) under the action of the Hamiltonian implementing time evolution.
Returning to Eq. (8), we see that at each time λ there are a number of decohered branches, describing a superposition of the geometries corresponding to those |ψ b eff with α b (λ) = 0. As λ increases, so does the number of decohered branches, i.e., the size of the set {|Ψ b |α b (λ) = 0}.
It seems natural to relate this repeated branching to the production of entropy. As a result, the increase in the number of decohered branches is important for the interpretation of the Hawking entropy formula and the Page curve, as we discuss in Sec. 2.5.
Entanglement structure at intermediate times
The basic reason why the consideration of branching structure is relevant to the black hole information puzzle is that, while evolution of the global wave function is unitary, evolution via conditioning on a specific background geometry (i.e., projection onto individual branches of the wave function) is not. A particular sequence of classical states is produced by repeated nonunitary projection of the wave function onto states of definite background geometry; we refer colloquially to wave function "collapse" during the measurement process (which for us is simply decoherence and branching). In particular, the Page curve, which we have seen above is a consequence of unitarity, only needs to hold for the global wave function.
Our main observation is that arguments for the modern information puzzle-and in particular Postulates 2 and 4 above-only apply at the level of the |ψ b eff parts of the classical branches [22, 23] . Again, evolution of the global wave function is unitary, but evolution at the level of individual classical geometries is not. In Sec. 3, we will discuss what it means to operationally probe the information puzzle in the context of this observation. In essence, at intermediate times, it is not clear how to calculate the Page curve as we have formulated it in Sec. 2.2 because the specification of what degrees of freedom constitute "early" radiation is a branch-dependent notion.
One possibility could be to make a branch-dependent local tensor product decomposition of the type suggested by AMPS, where H eff is taken to be
denotes degrees of freedom that correspond to early radiation, A (b) corresponds to the black hole degrees of freedom, B (b) is the late radiation, and C (b) (for "complement") is everything else. However, such a decomposition is problematic for a number of reasons. Generically, it
will not be the case that R hole's stretched horizon. For such an observer, the interior of the black hole is not a geometric place, which runs counter (but complementary) to the description of an infalling observer if the horizon is transparent. We will return to the question of complementarity and further decomposition of the classical branches in H eff in Sec. 3, but for now we stress that none of our arguments assumes that the exterior observer can assign any classical geometric interpretation to the black hole interior.
One of our main conclusions about black hole evolution in the global wave function is that unitary evolution and the no-drama condition are compatible in principle, even without violating monogamy of entanglement. Unitarity is a global concept; it applies only to the global wave function and not to individual semiclassical branches of particular geometry. On the other hand, the requirement of no drama is a statement about individual decohered branches describing such semiclassical geometries; in particular, it is a requirement that the state of the quantum fields near the black hole take a particular structure (corresponding to the vacuum) on the branch, i.e., within |ψ b eff , for most of the branches.
Let us consider a toy model to illustrate that what parties appear entangled on decohered
branches of a wave function can be very different from the structure of entanglement entropies in the global wave function. Consider, for example, four qubits labeled A, B, C, and D in the state
In this state and tensor decomposition, the pairs AD and BC are unentangled, while A and D, as well as B and C, are entangled. However, suppose that we treat CD as an environment and posit a Hamiltonian with an interaction term between AB and CD of the form
where
(|01 ± |10 ) denote Bell states. Then it follows that the branching structure of |Ψ ABCD (the environmental CD parts of which commute with the interaction Hamiltonian) looks like
In other words, while AD and BC are unentangled in the global wave function, in the sense that S(AD) = 0, the "system" subfactors A and B are entangled on every branch. Tracing out
CD to obtain a reduced density matrix for AB would reveal a set of distinct branches, all of which would exhibit maximal entanglement between A and B.
More generally, the production of a large number of orthogonal branches through decoherence This is only a heuristic picture, since there is no consistent identification of AMPS-like tensor product factors across all branches that may be used to compute the Page curve at intermediate times. Nevertheless, it is interesting to assess just how much entropy is produced by branching, e.g., within a given sector B, which we now discuss.
Branch counting
Consider a simple idealization, according to which
actually are consistently identified as the same factors across all branches (even though, as discussed above, that is not precisely the case in our scenario). Here, U (λ 1 ; λ 2 ) is the unitary evolution operator that maps a state at parameter value λ 1 to the state at parameter value λ 2 > λ 1 . In other words, here, we explicitly hypothesize that the Hilbert-space decomposition (
) holds globally across all branches, and we explore the resulting consequences.
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Tracing over H env and C in the global wave function, the reduced state on ABR can take the form
where, on each branch, AB and R are unentangled (even though they are correlated globally).
Such entanglement structure is required in order to avoid, for example, a firewall arising from broken entanglement across the AB subsystems between the black hole and outgoing late radiation modes. That is, on each branch defining a classical spacetime geometry, we let the quantum fields take the vacuum configuration at the horizon, as required by Postulate 4.
Even though AB and R are unentangled on every branch, there is still nonzero von Neumann entropy for AB and R globally. Consider the reduced state on AB alone,
The Holevo information [56, 57] of ρ AB is given by
and is an upper bound on the accessible information of ρ AB and its corresponding ensemble.
More importantly for our purposes, it is bounded by the Shannon entropy, − b p b log p b , with saturation occurring when each ρ
AB b
has orthogonal support [56] . Moreover, S(ρ AB ) can be bounded from below by using the concavity of entanglement entropy. Putting these bounds together, we have
In particular, S(ρ AB ) can in fact be quite large. emissions will have occurred in the black hole's past. If each emission branches the global wave function by a constant factor, then the scaling of N goes as e M 2 . In order to specify a branch, we must choose not only the mass and momentum of the black hole itself but the entire exterior spacetime geometry, which, via backreaction, depends on the distribution of all the Hawking radiation between the black hole and I + . It is therefore plausible that each Hawking emission indeed branches the global wave function, as long as the emitted quantum becomes entangled with the environment. 14 Had we only considered the macroscopic properties of the black hole itself, the number of branches would be much smaller [8] . However, as long as there is anything else in the universe aside from the black hole for a Hawking quantum to interact with on its way to infinity, it is reasonable to treat the backreaction of the Hawking quantum on the spacetime as decohering the wave function into states of definite geometry. Even with no exterior matter outside the black hole, it is conceivable that the gravitational interaction of
Hawking quanta is itself enough to decohere the geometry; an exploration of this question and its possible connection to recent work on soft gravitons and their associated symmetries [50] lies beyond the scope of the present work. Note that, in our setup, S(ρ AB ) scales in the same way as the Bekenstein-Hawking entropy of the black hole, S BH ∼ M 2 , so it may be possible to recover Postulate 3, S bh = S BH , via the branching structure alone, 15 but the details of the branch counting also lie beyond the scope of the present work. Such an analysis of the branching structure would be necessary in order to guarantee that no-drama states are indeed generic for a randomly selected black hole horizon in the global wave function; here we merely want to emphasize that such states are plausible.
Operational tests of the information puzzle
We now turn to the question of how a pair of observers would practically implement the AMPS thought experiment [5] to probe the state of the black hole inside and outside the event horizon. Our main concern is to understand this implementation in the context of unitarity of the global wave function. In particular, we will argue that the branching structure of the global wave function is such that the state vectors that are robust under Hamiltonian evolution-the pointer states into which the global wave function branches-are very different inside and outside the horizon. Specifically, the pointer bases corresponding to measurements made by an interior, infalling observer and an external, static observer are related to each other via nontrivial transformations that manifest the complexity of black hole scrambling. This means that it is impossible for both the infalling observer behind the horizon and the external observer to exist on the same semiclassical branch of the wave function at their level of coarse graining.
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Let us suppose that, as part of the initial asymptotic data, we specify that there are two detectors at i − , D inf and D st , corresponding to infalling and stationary observers and that each begins in some ready state d 0 . Assume that the detectors are local, can be switched on and off, 15 We note that a similar argument was made in the context of the fuzzball program in Ref. [58] . 16 See Ref. [28] for a discussion of related ideas.
and are identical in operation. We can decompose the effective Hilbert space as
Specifically, we isolate the finite-dimensional Hilbert spaces D inf and D st that represent the detectors' internal degrees of freedom that ultimately couple to some local system to realize measurement. We suppose that all of the detectors' other degrees of freedom, such as kinematic degrees of freedom like position and momentum, are a part of H eff . At intermediate parameter values λ with the detectors switched off, we therefore write the global wave function as
Our aim is to consider a situation in which one detector, D st , remains stationary outside of a black hole and the other, D inf , falls into the same black hole and to compare the measurements reported by the two detectors. We therefore begin by projecting onto a branch of the wave function corresponding to a single spacetime so that the two detectors agree on the background geometry. The object of interest is thus a particular branch b of the form |ψ b eff ⊗ |d 0 D inf ⊗ |d 0 Dst . For convenience, we have temporarily dropped the H env factor because it plays no role once we have projected onto a branch (keeping in mind that H env is necessary for further evolution of the initial branch to be unitary).
Equipped with a notion of background spacetime, we can now attempt to interpret H eff in terms of spacetime regions and in the context of measurements performed by the detectors on the branch b . Suppose that, on the branch in question, D inf falls into the black hole while D st remains outside. Further suppose that, on this branch, at some moment, both detectors switch on and become entangled with the local degrees of freedom that they probe. Let us define factors of H eff on a Cauchy surface chosen such that its intersection with the infalling detector's worldline occurs inside the black hole.
Consider first the following decomposition of H eff , appropriate from the point of view of the stationary detector:
Here,
• A is the black hole Hilbert space, which, in the spirit of complementarity, we suppose represents states of the stretched horizon.
• D st is the Hilbert space of the stationary detector.
• S is the collection of local degrees of freedom that constitute the system that the stationary detector measures.
• E are any remaining exterior degrees of freedom. Altogether, E ≡ A⊗E is the environment for the stationary detector.
Similarly, we can also decompose H eff in a way that is appropriate for an infalling description:
• D inf is the Hilbert space of the infalling detector.
• T is the system that the interior detector measures.
• F and G are other degrees of freedom inside and outside the black hole, respectively. Altogether, F ≡ F ⊗ G is the environment for the stationary detector.
How the various Hilbert-space decompositions overlap is illustrated in Fig. 2 .
One of the key results of black hole complementarity is that horizon dynamics, as seen by a stationary exterior observer, appear to be approximately typical with respect to the Haar measure on sufficiently long timescales. This is discussed in, for example, Refs. [16, 59] . 17 In the remainder of this section, we will find that black hole scrambling has important implications for the structure of the global wave function in terms of the pointer bases of interior and exterior observers. Let us first develop some intuition for what to expect. Consider an infalling object crossing the stretched horizon as seen by either an observer falling along with the object or a stationary observer at some fixed position outside of the black hole. While for the infalling observer the object will seem to pass through the horizon without any apparent effect, for the external observer the object will appear to scramble across and thermalize with the stretched horizon.
If the infalling object is a classical object-which in particular means that it is robust against decoherence due to monitoring by its environment in the infalling frame-this picture suggests that the object is explicitly not robust against decoherence due to environmental interactions 17 Ref. [6] discusses classical black hole scrambling in the context of the membrane paradigm. According to black hole complementarity, we suppose that A = D inf ⊗ T ⊗ F are identified as the same Hilbert space. This is indicated by the shading of the part of the Cauchy surface in the black hole interior. The interior Hilbert-space factors and the interior geometry are only resolved by observers who cross the black hole's horizon. From the point of view of an exterior observer, these degrees of freedom are precisely the degrees of freedom of the stretched horizon. Also note that, according to Eqs. (22) and (23),
in the frame of the external observer, in which it is seen to quantum-mechanically scramble and delocalize across the entirety of the stretched horizon. As the states that are robust against decoherence are by definition the pointer states, this highlights the fact that the pointer states in the infalling frame, when viewed in the frame of the static external observer, appear to be totally scrambled and delocalized. In the context of black holes, this feature has traditionally been implemented by a unitary 2-design [60] , which up to its second moment is indistinguishable from a Haar-typical unitary.
Consider decomposing the particular state |ψ b eff according to the two branching structures implied by the two detectors and their decohering dynamics,
where "stationary" and "infalling" remind us whether we are expressing the state in the basis of the detector stationary outside or infalling inside the black hole. Let us focus on the branching structure from the stationary point of view and start writing E in terms of Hilbert-space subfactors as |α i E = kl µ i kl |φ k A |e l E . A state |φ k A describing the stretched horizon can be decomposed into its constituent factors in D inf , T , and F ,
where U k abc implements a unitary change of basis from abc to k. Black hole scrambling implies that this unitary is, to a good approximation, Haar typical for a generic choice of basis for A and its constituent Hilbert-space factors. We therefore have
Rearranging the sums, we have
To recapitulate, in Eq. (26), we wrote each |α i E in an orthonormal basis for the horizon (A) and E, taking each horizon state and expanding it in the pointer-state basis for T and D inf , along with some arbitrary basis for F . We can also express |ψ b eff in the pointer basis of the infalling detector, writing it with the branching structure as given in the second line of Eq. (27) .
Hence, if both the infalling and stationary detector have decohered, it must be that U 
Such a situation would be pathological because it would mean that pointer states of the black hole exterior would correlate perfectly with states of the black hole interior, which would mean that they would be stable under the action of their joint environment, i.e., classical and long lived. This would seem to contradict what is believed about black hole fast scrambling. Moreover, such a conspiracy between the matrices µ and U is implausible since U is Haar typical and furthermore dependent on the detector that we choose. To see this, note that U describes how the state of the stretched horizon decomposes in the infalling detector's pointer basis, while µ is independent of the detector properties, simply describing the joint state of the stretched horizon and exterior environment, and has no reason to be correlated with the Haar-typical properties of U .
Hence, we have shown that the pointer bases for the interior and exterior observer are not compatible. Specifically, Eq. (28) shows that the environment states |β a F for the infalling detector are given by nontrivial transformations (under µ i kl U k aac ) of the joint state of the exterior system, detector, and environment, along with the interior environment. Similarly, the environment states associated with the pointer basis for the exterior detector are given by nontrivial transformations of the joint state of the interior system, detector, and environment, along with the exterior environment.
What this means physically is that it is not possible to isolate a single branch of the wave function, via a natural dynamical decoherence process, that corresponds to a pointer state for the interior and exterior detector simultaneously. This property of the global wave function reconciles the complementary points of view of infalling and stationary observers, without requiring the existence of a firewall to preserve unitarity. Black hole complementarity is therefore implemented in Hilbert space in terms of the relationship between pointer states as defined by different observers across a horizon.
Conclusions
The information paradox, as sharpened by AMPS, seemingly necessitated modifying a cherished pillar of modern physics in effective field theory, relativity, or unitarity. In this work, we argued using decoherence and pointer bases that such a dramatic conclusion is not directly implied by the ingredients of the AMPS discussion. In particular, different components of the AMPS argument apply either globally or on individual branches of the wave function: unitarity applies to the global wave function, while the absence of drama at the horizon is a statement about individual semiclassical branches. They can therefore, as far as we can tell, be satisfied simultaneously without violating unitarity, monogamy of entanglement, or any other principles of quantum mechanics.
Since the existence of firewalls would stand in gross violation of our classical intuition, we should judge them to be unlikely unless their absence would require violating an even-morecherished belief, which we have argued it does not. Given our best current understanding of quantum mechanics and black hole thermodynamics, there is no reason to insist that an observer falling into a black hole sees anything other than a reason to regret their decision.
